INTRODUCTION
The starting point of this work is the study of deterministic unbounded control problems in « Unbounded » means both that the space of controls is not compact and that the given functions of the problems (i. e. the field in the Dynamics, the running cost and the discount factor) may have unbounded norms. Our aim is to show how to get a Bellman
Equations for the value function of the control problem and to discuss uniqueness properties for this equation. The [22] ). The other difficulty, closely connected to the preceding one, is that the Hamiltonian (which we obtain at least formally by analogy with the classical case) may be discontinuous and, in particular, may have a domain-in the sense of convex analysis -which is not all the space. Before giving details on our results and our methods, let us precise that our approach is based on the notion of viscosity solution introduced by M. G. Crandall and P. L. Lions [10] (see also M. G. Crandall, L. C. Evans and P. L. Lions [9] , and P. L. Lions [22] ) and extended to discontinuous Hamiltonians by H. Ishii [16] .
In the first part, we consider a very general -but necessarily coarseapproach of the problem : we approximate the control problem by problems set on compact subsets of the control space ; by classical results of P. L. Lions [22], we get a Bellman Equation for the value function of the approximated problem and we pass to the limit by the stability result of G. Barles and B. Perthame [~'], extended by H. Ishii [16] . The [7] in the case of the monotone control problem and by S. Delaguiche [13] [20] , [12] , [22] , [15] and [21] . The second application concerns cheap control problems closely connected to [7] . Finally, we mention the connections of (CP) with some non-convex problems in the Calculus of Variations (cf. E. Mascolo [24] , [25] , [26] and E. Mascolo and R. Schianchi [27] , [28] , [29] [20] (cf. also [12] , [15] Moreover, u is the maximum viscosity subsolution of (8) and (9) . REMARK II.2. -Let w be a bounded function in then, it is easy to see that w is a viscosity subsolution of (8) iff w is a viscosity subsolution of (9) . If w is a viscosity supersolution of (8) , then it is also of (9) but the converse is false, in general ; so that (8) contains more informations than (9) .
The first comment that we can do is on the definition of viscosity solution for discontinuous Hamiltonians of H. Ishii [76] . The 
for some À > 0 then the Hamiltonian H~ with The aim of this section is to give a simple uniqueness, and even comparison result for the Bellman Equation (8) [20] (cf. also [12] , [15] , [21] In all the following, we are interested in the problem in IRN and we will also assume that H(x, t, p) is of the form H(x, p) + t, for the sake of simplicity. Our methods, which are in this section more particularly inspired by M. G. Crandall, L. C. Evans and P. L. Lions [9] , H. Ishii [15] , S. N. Kruzkov [20] , G. Barles and B. Perthame [5] and G. Barles [15] , [18] , [19] , G. Barles and P. L. Lions [4] ) and others problems in bounded domains (cf. references above and the bibliography) and in particular state-constraints problems (cf. M. H. Soner [30] , I. Capuzzo-Dolcetta and P. L. Lions [8] ) and exit time problems (cf. H. Ishii [15] , G. Barles and B. Perthame [5] , [6] ). We Now, we give the details. The proof consists in adapting the proof of the classical comparison result of (here) M. G. Crandall, L. C. Evans and P. L. Lions [9] and in playing with the parameters as in [1] . We introduce the function where 1 and a > 0, E > 0. ~ is devoted to tend to 1, a and E to 0. They will be choosen later. For the sake of clarity, we omit the dependence of § in ~c, a, E as also for (.~, ~~ a point where the maximum of 1/; is achieved. Since v is is viscosity subsolution of (CP), we have Now, for w Vol. 7, n° 4-1990. Letting a go to 0 and using the estimates above, we obtain
The additional difficulty to [7] is that, because of (* ), we can not fix ~o and let go to 1. In the general case, to pass to the limit in the m1-term, [4] , one concludes easily that there exists a unique bounded continuous solution of (15) (17) . Let u be a viscosity subsolution of (16) bounded from below and w be a viscosity supersolution of (16) In several works, E. Mascolo [24] , [25] , [26] and E. Mascolo and R. Schianchi [27] , [28] , [29] (21) existence results based on the study of P. L. Lions [22] on compatibility conditions with boundary data which gives « explicit » formula for the maximum viscosity subsolution of (21) . Our aim is to show the connections between ((P) and (21) , and to use them to get uniqueness results for (21) . Our first result is the following PROPOSITION III.4. -If u is a viscosity solution of where M is a constant large enough -say M -~ ~ u ~ ~ ~ + 1-, u is a solution of (21) . Conversely, if u is a solution of (21), u is a viscosity subsolution of (22).
The proof consists only in remarking that, if u is viscosity solution of (22), Du E C(x) a. e. in Q and Du~ Int C(x) a. e. in Q in M
